In this work, a novel numerical scheme based on method of lines (MOL) is proposed to solve the nonlinear time dependent Burgers' equation. The Burgers' equation is semi discretized in spatial direction by using MOL to yield system of nonlinear ordinary differential equations in time. The resulting system of nonlinear differential equations is integrated by an implicit finite difference method. We have not used Cole-Hopf transformation which gives less accurate solution for very small values of kinematic viscosity. Also, we have not considered nonlinear solvers that are computationally costlier and take more running time.In the proposed scheme nonlinearity is tackled by Taylor series and the use of fully discretized scheme is easy and practical. The proposed method is unconditionally stable in the linear sense. Furthermore, efficiency of the proposed scheme is demonstrated using three test problems.
Introduction
Nonlinear partial differential equations appear in all fields of science and engineering, most of the nonlinear physical process are modeled by nonlinear differential equations. The precise analytic solution of most of the nonlinear partial differential equations is not readily available and hence numerical simulation of these equations are needed. One of the most important nonlinear physical phenomena 'turbulence' is modeled by a nonlinear partial differ-ential equation called as Burgers' equation. It is one of the fundamental model equation in fluid mechanics which illustrates the coupling between advection and diffusion. It arises in gas dynamics, traffic flow, chromatography and flood waves in rivers. Due to its similarity with NavierStoke's equation, it may be considered as an important model for testing numerical algorithms for Navier-Stoke's equation. The numerical solution of this equation is an indispensable tool for studying incompressible fluid flow problems. This equation was introduced by Bateman [3] in 1915, who also gave its steady-state solution. In 1948, J. M. Burgers [5, 6] investigated various aspects of turbulence and proposed Burgers' equation as a mathematical model of turbulence. It was first solved analytically by Cole and Hopf [7, 17] for some set of initial conditions. Benton and Platzman [4] surveyed the exact solution of one-dimensional Burgers' equation. Various numerical methods have been proposed to solve one-dimensional Burgers' equation. Methods based on finite difference are given in [10, 22-24, 26, 32] . Hosseini and Hashemi [18] used a method based on local radial basis function (RBF) to solve the Burgers' equation. Darvishi and Javidi [8] studied a numerical solution by pseudospectral method and Darvishi's preconditioning. Other numerical methods include finite element method [28, 35] , Petro-Galerkin method [16] , B-spline finite element method [25] , weighted average differential quadrature method [21] , Galerkin finite element method [33] , collocation method using B-splines [1] and automatic differentiation method [2] . Ziwu Jiang and Renhong Wang [19] used cubic B-spline quasi-interpolation method for the improved numerical solution of Burgers' equation. In 2012, Ram Jiwari [20] used Haar wavelet quasilinearization approach for solving Burgers' equation while Haq, Hussain and Uddin [15] used meshless method of lines for the numerical solution of Burgers'-type equations. Mittal and Jain [27] used modified cubic B-splines collocation method while a predictor-corrector compact finite difference scheme is introduced in [37] . M. M. Rashidi et al. [30] employed homotopy perturbation method for solving the generalised Burger and Burger-Fisher equations. Review of techniques for the solution of nonlinear Burgers' equa-tion is also presented in [9] . Recently, lattice Boltzmann method [13] , multi-quadric quasi-interpolation [12] , cubic Hermite collocation method [11] and meshless method [36] have been used to solve the nonlinear Burgers' equation. Homotopy analysis method [31] is efficiently implemented for solving Burger and regularized long wave equations. In 2015, V. Mukundan and A. Awasthi [29] solved nonlinear Burgers' equation using multi step methods via Backward differentiation formulas of order one, two and three. Recently H.S Shukla et al. [34] used modified cubic B-spline differential quadrature method to solve three-dimensional coupled viscous Burgers' equation. In this paper, one-dimensional Burgers' equation is directly solved by a powerful numerical technique known as method of lines (MOL). In this method first spatial derivatives are approximated by finite differences, by this the nonlinear partial differential equation is transformed into a system of nonlinear ordinary differential equations. An implicit finite difference method is used to integrate the nonlinear system of ODE, which give rise to system of nonlinear algebraic equations at different times. In this paper system of nonlinear algebraic equations is linearized via Taylor series. Taylor series expansion is used for linearization and linear algebraic equations are solved directly. A linear stability analysis is performed which shows that the numerical scheme is unconditionally stable.
Governing Equation and Essential Conditions
We consider a nonlinear parabolic time dependent Burgers' equation
with initial condition
and boundary conditions
where ν > 0 is the kinematic viscosity parameter and u 0 (x) is given sufficiently smooth function.
Method of lines
The nonlinear partial differential equation is reduced into system of nonlinear ordinary differential equation by method of lines (MOL). The semi discretization towards spatial direction is illustrated below. Discretize the spatial variable with N + 1 uniformly spaced grid points
with a constant spacing Δx = x i − x i−1 = 1/N, where x 0 and x N represent boundary points and the remaining x i s represent interior points. Using central difference scheme to approximate first and second order derivative, we get
Substituting in Burgers' equation Eq. (2.1),and taking into account that u 0 (t) = 0 and u N (t) = 0 we obtain a system of nonlinear ordinary differential equations with initial condition
where, u i (t) = u(x i , t), this system of (N − 1) differential equations can be written in matrix form as
F is a nonlinear function of U with elements f j given as follows.
The system (3.1) is a nonlinear system of ordinary differential equations which can be solved by integrating in time variable.
Time integration
Discretize the time variable with (M + 1) points such that t n = t n−1 + Δt, n = 1, 2, .., M + 1.
with Δt = T/M where T is the final time. Integrating w.r.t to time variable by an implicit method from t = t n to t = t n+1 Equation (3.1) becomes
where,
To overcome the difficulty of solving nonlinear system we make use of Linearization technique which makes the computation simpler.
Linearization
Since the system (4.1) is nonlinear, it require solving a nonlinear algebraic equation at each time level. This can be avoided by using the linearization technique. Linearize by Taylor series
where
. . .
is the Jacobian matrix at the n th time level. Substituting Eq. (5.1) in Eq. (4.1) we get,
F is the Jacobian matrix at the n th time level.
Hence the above scheme is linearized and at each time step we need only to solve linear algebraic equations Eq. (5.2) which take less computation time.
Stability Analysis
In this section, stability of the proposed numerical scheme Eq. (4.1) is investigated by Von-Neumann method. We have linearized the nonlinear term uu x by taking u as a constant, a, we get
Δx is the space step size and kα = πα; α = 1, 2, ..N into above equation, we obtained the amplification factor, G as
where, X = 1 − Δtλ 1 (1 − cos ϕ)
As Δt, ν and h are all positive, therefore
Hence the proposed scheme is unconditionally stable in the linear sense.
Numerical results and discussion
To illustrate the efficiency and adaptability of the proposed numerical scheme, several numerical computations are carried out. We have considered three test problems in which all computations are carried out using MATLAB 8.0. We have also compared our numerical solution with the existing numerical solution given by different researchers. In many cases, our method produces much better results than the existing schemes.
Test Problem-1 Consider the Burgers' Equation
with the initial condition u(x, 0) = sin(πx), 0 < x < 1, and the homogeneous boundary conditions
The exact solution of the problem [7] is
Test Problem-2 Next, we consider the Burgers' equation
with the following initial condition
where we note that the Fourier coefficients D 0 and Dn are the following Test Problem-3 The next test example corresponds to Burgers' equation
with the boundary conditions
and initial condition
where m > 1 is a parameter. The exact solution for this problem [38] is The approximate solution of Burgers' equation have been calculated using the proposed numerical scheme. Tables 1 and  2 for kinematic viscosity, ν = 0.1, 0.02. The numerical experiments are performed with different number of partitions. From the Tables it is clear that as number of partition refines, the approximate solution lies closer to exact, indicating the consistency of the proposed scheme. In Tables 3 and 4 the numerical results obtained are compared with existing numerical methods [20, [23] [24] [25] and the results are much better than the results obtained in [23] [24] [25] for ν = 0.01. Figures 1 and 3 Tables 7 and 8 numerical results obtained by proposed method are compared with the solutions given in [14] in Tables 11 and 12 . The errors obtained in present numerical scheme are much smaller than those given in literature which indicates that the present method is more accurate than the existing methods. The physical behavior of the obtained solution in 2D and contour form for Test problems 1 and 2 for kinematic viscosity ν = 0.0001 and 0.00001 have been presented in Figures 13, 14, 15 and 16 . The exact solution fails when kinematic viscosity is very small (ν −→ 0) [39] . Figures show that the proposed scheme is able to capture the behavior of numerical solution even for very small values of kinematic viscosity. The difference between exact solu- Table 9 : Comparison between exact and existing numerical solutions of Example 3 for ν = 1 and ν = 0.5 at different spatial points. 
Concluding Remarks
We have proposed an efficient numerical scheme based on semi-discretization technique and implicit finite difference method for the numerical simulation of one dimensional Burgers' equation. The scheme is tested on three test examples which illustrates the efficiency of the proposed scheme. The numerical results obtained have been compared with the exact and existing numerical methods at different times, for modest values of kinematic viscosity. The numerical results generated by the present numerical scheme matches with the solutions given in [2, 14, 20, [23] [24] [25] 27] and shows better accuracy than the numerical solutions given in [2, 14, [23] [24] [25] 27] for small values of kinematic viscosity.
The error norms L 2 and L∞ shows the consistency and accuracy of the proposed numerical scheme. Tables and Figures indicate that the computed results are reasonably in good agreement with exact solution and the proposed scheme is accurate as compared to other numerical methods. Explicit schemes require CFL conditions to be satisfied while implicit schemes take much time for computation. But the scheme proposed in this paper is an implicit scheme that require less computation time. Hence the present scheme is more efficient. 
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